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The interacting Green functions are obtained from the partition function
Z(η̄, η) by functional derivatives

G(x, y) =
δ2Z(η̄, η)

δη(x)δη̄(y)
.

The interacting partition function Z(η̄, η) is obtained from the free parti-
tion function

Z0(η̄, η) = ei
´
dxdyη̄(x)g0(x,y)η(y)

by functional derivatives

Z(η̄, η) = e
i
´
dxdyV ( δ

δη̄(x)
, δ
δη(y)

)
Z0(η̄, η),

where V (ψ̄(x), ψ(y)) is the interaction.

How to give a mathematical meaning to functional derivatives ?



Consider a map f : E → F . How do you define a derivative of f?

Definition (Gâteaux differential)
The function f : E → F is said to have a derivative at u in the direction of
v ∈ E if the following limit exists

Dfu(v) := lim
t→0

f (u + tv)− f (u)

t
.

We need a vector space to define addition and scalar multiplication and
we need a topology to define a limit. Thus, E and F have to be topological
vector spaces.

Usually we consider vector spaces whose topology is defined by a norm
(Hilbert spaces, Sobolev spaces, Banach spaces). Here we need topologies
defined by an infinite number of (semi-)norms. Such spaces are called lo-
cally convex vector spaces.

For example, the space of smooth functions needs a countable set of semi-
norms (one for the derivatives of each degree), the space of test (i.e. smooth
and compactly supported) functions and the distribution spaces need an
uncountable set of semi-norms.



Relation with functional derivatives: If u and v are in C∞(Rn) and f :
C∞(Rn)→ R, then

Dfu(v) := lim
t→0

f (u + tv)− f (u)

t
=

ˆ
Rn
dx
δf (u)

δu(x)
v(x).

⇒ a functional derivative is a distribution

In locally convex spaces, the existence of a Gâteaux differential alone
leads to many paradoxes. We need more properties and we choose the defi-
nition proposed by Andrée Bastiani in her 1962 PhD thesis (now University
of Picardie).

Definition (Bastiani differentiability)
Let U be an open subset of a separated locally convex space E and let f

be a map from U to a separated locally convex space F . Then f is Bastiani
differentiable on U if f has a Gâteaux differential at every u ∈ U and the
mapDf : U×E → F defined byDf (u, v) = Dfu(v) is continuous on U×E.

With this definition, most of the operations used in physics textbooks (e.g.
chain rule, Leibniz rule, linearity, fundamental theorem of calculus) are
mathematically valid. Moreover the mth derivative with respect to j ∈
C∞(Rn) is a distribution on m variables, i.e. an m-point Green function.
Moreover, a functional is Bastiani-smooth if and only if all its derivatives
are continuous in the sense of distributions.



Functional of Green functions: can we define products of distributions?

0

The step function is defined by

θ(x) = 0 if x < 0,

θ(x) = 1 if x ≥ 0.

As a consequence θn = θ. The corresponding step distribution Θ is defined
by

〈Θ, f〉 =

ˆ +∞

−∞
θ(x)f (x) =

ˆ +∞

0

θ(x)f (x).

We know that Θ′ = δ. Thus, if Θn = Θ and the Leibniz rule holds, then
nΘn−1δ = δ or nΘδ = δ Contradiction

If fact Θn cannot be defined consistently with the rules of analysis.



Some distributions can be multiplied

• Convolution theorem : ûv = û ? v̂

• Define the product of distributions by uv = F−1(û ? v̂)

• Example

u+(x) =
1

x− iε
û+(ξ) = 2iπΘ(ξ)

• Square of u+

(û+ ? û+)(ξ) = −2π

ˆ
dη θ(η)θ(ξ − η)

0 x



The wave front set: example of the relativistic scalar field

•Wightman propagator D+(x) = 〈0|φ(x)φ(0)|0〉 ⇒ Dn
+ OK

• Feynman propagator DF (x) = 〈0|T
(
φ(x)φ(0)

)
|0〉 ⇒Dn

F renormalization



Functional of Green functions

• Green functions are distributions
• The space of distributions is too wild to define functional derivatives

with respect to them
•We define the same functionals f (j) where we replace the Green func-

tion g by a smooth function j
•We compute the functional derivatives f (k)(0)

•We compute the wave front set of f (k)(0)

•We check that this wave front set is compatible with the wave front set
of g⊗k

• This defines perturbatively f (g)

• This was used by Klaus Fredenhagen, Kasia Rejzner and coll. to define
relativistic quantum fields on curved spacetimes but requires renormal-
isation
•Whether this works for functionals of non-relativistic Green functions

is not known (Louis Boutet de Monvel)


